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Relative crystalline representations and p-divisible
groups in the small ramification case
Tong Liu and Yong Suk Moon
Abstract
Let k be a perfect field of characteristic p > 2, and letK be a finite totally ramified
extension over W (k)[1p ] of ramification degree e. Let R0 be a relative base ring over
W (k)〈t±11 , . . . , t
±1
m 〉 satisfying some mild conditions, and let R = R0 ⊗W (k) OK . We
show that if e < p − 1, then every crystalline representation of pie´t1 (SpecR[
1
p ]) with
Hodge-Tate weights in [0, 1] arises from a p-divisible group over R.
1 Introduction
Let k be a perfect field of characteristic p > 2, and letW (k) be its ring of Witt vectors. Let
K be a finite totally ramified extension overW (k)[1
p
] with ramification degree e, and denote
by OK its ring of integers. If G is a p-divisible group over OK , then it is well-known that
its Tate module Tp(G) is a crystalline Gal(K/K)-representation with Hodge-Tate weights
in [0, 1]. Conversely, Kisin showed the following result in [Kis06].
Theorem 1.1. (cf. [Kis06, Corollary 2.2.6]) Let T be a crystalline Gal(K/K)-representation
finite free over Zp whose Hodge-Tate weights lie in [0, 1]. Then there exists a p-divisible
group G over OK such that Tp(G) ∼= T as Gal(K/K)-representations.
The goal of this paper is to study the analogous statement in the relative case.
Recently, relative p-adic Hodge theory generalizing the classical theory has been de-
veloped by Brinon [Bri08], Scholze [Sch13], Kedlaya-Liu [KL15], and Diao-Lan-Liu-Zhu
[DLLZ18]. It aims to understand certain p-adic e´tale local systems, namely de Rham local
systems on a smooth (rigid analytic) variety X over a p-adic field. As in the classical case,
one can expect that studying the full subcategory of crystalline local systems on X , when
it is well-defined, would exhibit a lot of useful information.
Let R0 be a base ring over W (k)〈t
±1
1 , . . . , t
±1
m 〉 given as in Section 2.1, and let R =
R0⊗W (k)OK . In this paper, we will work in the setting X = Spec(R[
1
p
]). For this case, the
category of p-adic e´tale local systems on X is equivalent to that of Qp-representations of
the e´tale fundamental group GR of X as X is connected. Moreover, for representations of
1
GR, the condition being crystalline is well-defined by [Bri08]. If GR is a p-divisible group
over R, its Tate module Tp(GR) is a crystalline GR-representation with Hodge-Tate weights
in [0, 1] (cf. [Kim15]). A natural question is whether the converse statement analogous to
Theorem 1.1 will hold in the relative case. We prove that the answer is affirmative if the
ramification index e is small.
Theorem 1.2. Suppose e < p−1. Let T be a crystalline GR-representation finite free over
Zp whose Hodge-Tate weights lie in [0, 1]. Then there exists a p-divisible group GR over R
such that Tp(GR) ∼= T as GR-representations.
As an immediate corollary using the results in [Moo18], when R has Krull dimension 2,
we obtain the following result on the geometry of the locus of crystalline GR-representations
with Hodge-Tate weights in [0, 1]. For a fixed absolutely irreducible Fp-representation V0
of GR, there exists a universal deformation ring which parametrizes the deformations of V0
([SL97]). By [Moo18, Theorem 5.7], we deduce:
Corollary 1.3. Suppose R has Krull dimension 2 and e < p− 1. Then the locus of crys-
talline representations of GR with Hodge-Tate weights in [0, 1] cuts out a closed subscheme
of the universal deformation scheme.
We give a more precise statement of Corollary 1.3 in Section 6.
There are three major ingredients for the proof of Theorem 1.2. Firstly, Brinon and
Trihan proved in [BT08] the generalization of Theorem 1.1 for the case when the base is a
complete discrete valuation ring whose residue field has a finite p-basis. We use this result
together with the fact that the p-adic completion ofR0,(p) is an example of such rings studied
loc. cit. Secondly, Kim generalized the Breuil-Kisin classification in the relative setting in
[Kis06], and showed that the category of p-divisible groups over R is anti-equivalent to the
category of Kisin modules of height 1 over R0[[u]]. Using the classification, we reduce our
problem to constructing desired Kisin modules. We remark that our method of constructing
the appropriate Kisin modules relies on the assumption that e < p − 1. Lastly, to show
the statement for the special case when R is a formal power series ring of dimension 2, we
use the purity result for p-divisible groups proved in [VZ10] when the ramification index is
small.
1.1 Notations
We will reserve ϕ for various Frobenius. To be more precise, let A be an W (k)-algebra
on which the arithmetic Frobenius ϕ on W (k) extends, and M an A-module. We denote
ϕA : A → A for such an extension. Let ϕM : M → M be a ϕA-semi-linear map. This is
equivalent to having an A-linear map 1⊗ϕM : ϕ
∗
AM →M , where ϕ
∗
AM denotes A⊗ϕA,AM .
We always drop the subscripts A and M from ϕ if no confusion arises. Let f : A→ B be a
ring map compatible with Frobenius, that is, f ◦ϕA = ϕB ◦ f . Then ϕM naturally extends
to ϕMB : MB → MB for MB := B⊗AM . It is easy to check that ϕ
∗
BMB = B⊗A ϕ
∗
AM and
1⊗ ϕMB : ϕ
∗
BMB →MB is equal to B ⊗A (1⊗ ϕM).
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2 Relative p-adic Hodge theory and e´tale ϕ-modules
2.1 Base ring and crystalline period ring in the relative case
We follow the same notations as in the Introduction. We recall the assumptions on the
base rings and the construction of crystalline period ring in relative p-adic Hodge theory in
[Bri08] (and in [Kim15] for Breuil-Kisin classification). We also impose some mild additional
assumptions which will be needed later. Let R0 be a ring obtained fromW (k)〈t
±1
1 , . . . , t
±1
m 〉
by a finite number of iterations of the following operations:
• p-adic completion of an e´tale extension;
• p-adic completion of a localization;
• completion with respect to an ideal containing p.
We assume that either W (k)〈t±11 , . . . , t
±1
m 〉 → R0 has geometrically regular fibers or R0 has
Krull dimension less than 2, and that k → R0/pR0 is geometrically integral. In addition,
we suppose that R0 is an integral domain containing a Cohen ring W over W (k) such that
R0 is formally finite type over W , and that R0/pR0 is a unique factorization domain.
R0/pR0 has a finite p-basis given by {t1, . . . , tm} in the sense of [DJ95, Definition 1.1.1].
The Witt vector Frobenius on W (k) extends (not necessarily uniquely) to R0, and we
fix such a Frobenius endomorphism ϕ : R0 → R0. Let Ω̂R0 := lim←−nΩ(R0/p
n)/W (k) be the
module of p-adically continuous Ka¨hler differentials. By [Bri08, Proposition 2.0.2], Ω̂R0
∼=⊕m
i=1R0 · dti. We work over the base ring R given by R := R0 ⊗W (k) OK .
Let R denote the union of finite R-subalgebras R′ of a fixed separable closure of Frac(R)
such that R′[1
p
] is e´tale over R[1
p
]. Then SpecR[1
p
] is a pro-universal covering of SpecR[1
p
],
and R is the integral closure of R in R[1
p
]. Let GR := Gal(R[
1
p
]/R[1
p
]) = πe´t1 (SpecR[
1
p
]). By
a representation of GR, we always mean a finite continuous representation.
The crystalline period ring Bcris(R) is constructed as follows. Let R
♭
= lim←−
ϕ
R/pR. There
exists a natural W (k)-linear surjective map θ : W (R
♭
)→ R̂ which lifts the projection onto
the first factor. Here, R̂ denotes the p-adic completion of R. Let θR0 : R0⊗W (k)W (R
♭
)→ R̂
be the R0-linear extension of θ. Define the integral crystalline period ring Acris(R) to be
the p-adic completion of the divided power envelope of R0 ⊗W (k) W (R
♭
) with respect to
ker(θR0). Choose compatibly ǫn ∈ R such that ǫ0 = 1, ǫn = ǫ
p
n+1 with ǫ1 6= 1, and let
ǫ˜ = (ǫn)n≥0 ∈ R
♭
. Then τ := log [ǫ˜] ∈ Acris(R). Define Bcris(R) = Acris(R)[
1
τ
]. Bcris(R) is
equipped naturally with GR-action and Frobenius endomorphism, and Bcris(R)⊗R0[ 1p ] R[
1
p
]
is equipped with a natural filtration by R[1
p
]-submodules. Furthermore, we have a natural
integrable connection ∇ : Bcris(R) → Bcris(R) ⊗R0 Ω̂R0 such that Frobenius is horizontal
and Griffiths transversality is satisfied.
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For a GR-representation V over Qp, let Dcris(V ) := HomGR(V,Bcris(R)). The natural
morphism
αcris : Dcris(V )⊗R0[ 1p ] Bcris(R)→ V
∨ ⊗Qp Bcris(R)
is injective. We say V is crystalline if αcris is an isomorphism. When V is crystalline,
then Dcris(V ) is a finite projective R0[
1
p
]-module, and Dcris(V )⊗R0[ 1p ]R[
1
p
] has the filtration
induced by that onBcris(R)⊗R0[ 1p ]R[
1
p
]. We define the Hodge-Tate weights similarly as in the
classical p-adic Hodge theory. Frobenius and connection on Bcris(R) induce those structures
on Dcris(V ); for the Frobenius endomorphism on Dcris(V ), 1 ⊗ ϕ : ϕ∗Dcris(V ) → Dcris(V )
is an isomorphism, and the connection ∇ : Dcris(V ) → Dcris(V )⊗R0 Ω̂R0 is integrable and
topologically quasi-nilpotent. Furthermore, Griffiths transversality is satisfied and ϕ is
horizontal. For a GR-representation T which is free over Zp, we say it is crystalline if T [
1
p
]
is crystalline.
Suppose S0 is another relative base ring over W (k)〈t
±1
1 , . . . , t
±1
m 〉 satisfying the above
conditions and equipped with a choice of Frobenius, and let b : R0 → S0 be a ϕ-equivariant
W (k)〈t±11 , . . . , t
±1
m 〉-algebra map. We also denote b : R = R0⊗W (k)OK → S := S0⊗W (k)OK
the map induced OK-linearly. By choosing a common geometric point, this induces a map
of Galois groups GS → GR, and also a map of crystalline period rings Bcris(R) → Bcris(S)
compatible with all structures. If V is a crystalline representation of GR with certain
Hodge-Tate weights, then via these maps V is also a crystalline representation of GS with
the same Hodge-Tate weights, and the construction of Dcris(V ) is compatible with the base
change.
We will consider the following base change maps in later sections. Let OL0 be the p-adic
completion of R0,(p), and let bL : R0 → OL0 be the natural ϕ-equivariant map. This induces
bL : R→ OL := OL0 ⊗W (k) OK . Note that L = OL[
1
p
] is an example of a complete discrete
valuation field with a residue field having a finite p-basis, studied in [BT08]. On the other
hand, for each maximal ideal q ∈ mSpecR0, let R̂0,q be the q-adic completion of R0,q. By
the structure theorem of complete regular local rings, we have R̂0,q ∼= Oq[[s1, . . . , sl]] where
Oq is a Cohen ring with the maximal ideal (p) and l ≥ 0 is an integer (R̂0,q is understood
to be Oq when l = 0). We consider the natural ϕ-equivariant morphism bq : R0 → R̂0,q,
which induces bq : R→ Rq := R̂0,q ⊗W (k) OK .
2.2 E´tale ϕ-modules
We study e´tale ϕ-modules and associated Galois representations. Most of the material in
this section is a review of [Kim15] Section 7, and the underlying geometry is based on
perfectoid spaces as in [Sch12].
Let R0 be a relative base ring over W (k)〈t
±1
1 , . . . , t
±1
m 〉 and let R = R0 ⊗W (k) OK as
above. Choose a uniformizer ̟ ∈ OK . For integers n ≥ 0, we choose compatibly ̟n ∈ K
such that ̟0 = ̟ and ̟
p
n+1 = ̟n, and let K∞ be the p-adic completion of
⋃
n≥0K(̟n).
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Then K∞ is a perfectoid field and (R̂[
1
p
], R̂) is a perfectoid affinoid K∞-algebra. Let K
♭
∞
denote the tilt of K∞ as defined in [Sch12], and let ̟ := (̟n) ∈ K♭∞.
Let S := R0[[u]] equipped with the Frobenius extending that on R0 by ϕ(u) = u
p. Let
E+R∞ = S/pS, and let E˜
+
R∞
be the u-adic completion of lim−→ϕE
+
R∞
. Let ER∞ = E
+
R∞
[ 1
u
] and
E˜R∞ = E˜
+
R∞
[ 1
u
]. By [Sch12, Proposition 5.9], (E˜R∞ , E˜
+
R∞
) is a perfectoid affinoid L♭-algebra,
and we have the natural injective map (E˜R∞ , E˜
+
R∞
) →֒ (R
♭
[ 1
̟
], R
♭
) given by u 7→ ̟.
Let
R˜∞ := W (E˜
+
R∞
)⊗W (K♭◦∞), θ OK∞ . (2.1)
By [Sch12, Remark 5.19], (R˜∞[
1
p
], R˜∞) is a perfectoid affinoid K∞-algebra whose tilt
is (E˜R∞ , E˜
+
R∞
). Furthermore, it is shown in [Kim15] that we have a natural injective
map (R˜∞[
1
p
], R˜∞) →֒ (R̂[
1
p
], R̂) whose tilt is (E˜R∞ , E˜
+
R∞
) →֒ (R
♭
[ 1
̟
], R
♭
). For GR˜∞ :=
πe´t1 (SpecR˜∞[
1
p
]), we then have a continuous map of Galois groups GR˜∞ → GR, which is a
closed embedding by [GR03, Proposition 5.4.54]. By the almost purity theorem in [Sch12],
R
♭
[ 1
̟
] can be canonically identified with the ̟-adic completion of the affine ring of a pro-
universal covering of SpecE˜R∞ , and letting GE˜R∞ be the Galois group corresponding to the
pro-universal covering, there exists a canonical isomorphism GE˜R∞
∼= GR˜∞ .
Lemma 2.1. Consider the map of Galois groups GOL → GR induced by choosing a common
geometric point for the base change map bL : R → OL in Section 2.1. Then the images of
GOL and GR˜∞ inside GR generate the group GR.
Proof. E+R∞ has a finite p-basis given by {t1, . . . , tm, u}. Note that for any element of
g ∈ GR, there exists an element h ∈ GOL whose image in GR induces the same actions on
t
1
p∞
1 , . . . , t
1
p∞
m , ̟
1
p∞ . Since R˜∞ = W (E˜
+
R∞
) ⊗W (K♭◦∞), θ OK∞ , the actions of g and h are the
same on the elements of R˜∞. Hence, the assertion follows.
Now, let OE be the p-adic completion of S[
1
u
]. Note that ϕ on S extends naturally to
OE .
Definition 2.2. An e´tale (ϕ,OE)-module is a pair (M, ϕM) whereM is a finitely generated
OE -module and ϕM :M→M is a ϕ-semilinear endomorphism such that 1⊗ϕM : ϕ∗M→
M is an isomorphism. We say that an e´tale (ϕ,OE)-module is projective (resp. torsion) if
the underlying OE -module M is projective (resp. p-power torsion).
Let ModOE denote the category of e´tale (ϕ,OE)-modules whose morphisms are OE -module
maps compatible with Frobenius. Let ModprOE and Mod
tor
OE
respectively denote the full
subcategories of projective and torsion objects. Note that we have a natural notion of
a subquotient, direct sum, and tensor product for e´tale (ϕ,OE)-modules, and duality is
defined for projective and torsion objects.
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Lemma 2.3. Let M∈ ModtorOE be a torsion e´tale ϕ-module annihilated by p. Then M is a
projective OE/pOE -module.
Proof. This follows from essentially the same proof as in [And06, Lemma 7.10].
We consider W (R
♭
[ 1
̟
]) as an OE -algebra via mapping u to the Teichmu¨ller lift [̟] of
̟, and let OurE be the integral closure of OE in W (R
♭
[ 1
̟
]). Let ÔurE be its p-adic comple-
tion. Since OE is normal, we have AutOE (O
ur
E )
∼= GER∞ := π
e´t
1 (SpecER∞), and by [GR03,
Proposition 5.4.54] and the almost purity theorem, we have GER∞
∼= GE˜R∞
∼= GR˜∞ . This
induces GR˜∞-action on Ô
ur
E . The following is proved in [Kim15].
Lemma 2.4. (cf. [Kim15, Lemma 7.5 and 7.6]) We have (ÔurE )
G
R˜∞ = OE and the same
holds modulo pn. Furthermore, there exists a unique GR˜∞-equivariant ring endomorphism
ϕ on ÔurE lifting the p-th power map on Ô
ur
E /(p) and extending ϕ on OE . The inclusion
ÔurE →֒ W (R
♭
[ 1
̟
]) is ϕ-equivariant where the latter ring is given the Witt vector Frobenius.
Let RepZp(GR˜∞) be the category of Zp-representations of GR˜∞ , and let Rep
pr
Zp
(GR˜∞)
and ReptorZp (GR˜∞) respectively denote the full subcategories of free and torsion objects. For
M ∈ ModOE and T ∈ RepZp(GR˜∞), we define T (M) := (M⊗OE Ô
ur
E )
ϕ=1 and M(T ) :=
(T ⊗Zp Ô
ur
E )
G
R˜∞ . For a torsion e´tale ϕ-module M∈ ModtorOE , we define its length to be the
length of M⊗OE (OE)(p) as an (OE)(p)-module.
Proposition 2.5. (cf. [Kim15, Proposition 7.7]) The assignments T (·) and M(·) are ex-
act equivalences (inverse of each other) of ⊗-categories between ModOE and RepZp(GR˜∞).
Moreover, T (·) andM(·) restrict to rank-preserving equivalence of categories betweenModprOE
and RepprZp(GR˜∞) and length-preserving equivalence of categories betweenMod
tor
OE
and ReptorZp (GR˜∞).
In both cases, T (·) and M(·) commute with taking duals.
Proof. This is [Kim15, Proposition 7.7]. We remark here for some additional details. Note
that ER∞ is a normal domain and π
e´t
1 (SpecER∞)
∼= GR˜∞ . Given Lemma 2.3, the assertion
therefore follows from the usual de´vissage and [Katz, Lemma 4.1.1]. Note that both functors
T (·) and M(·) are a priori left exact by definition, and exactness can be proved by the
same argument as in the proof of [And06, Theorem 7.11].
Suppose S0 is another relative base ring over W (k)〈t
±1
1 , . . . , t
±1
m 〉 as in Section 2.1
equipped with a choice of Frobenius, and suppose b : R0 →֒ S0 be a ϕ-equivariant
W (k)〈t±11 , . . . , t
±1
m 〉-algebra map which is injective. Let b : R = R0 ⊗W (k) OK →֒ S :=
S0⊗W (k)OK be the induced injective map. By choosing a common geometric point we have
an injective map R →֒ S, and this induces an embedding R˜∞ →֒ S˜∞ by the constructions
given in equation (2.1). Hence, the corresponding map of Galois groups GS → GR restricts
to GS˜∞ → GR˜∞ . Let SS = S0[[u]] and let OE,S be the p-adic completion of SS[
1
u
]. LetMS(·)
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be the functor for the base ring S constructed similarly as above. Let T ∈ RepprZp(GR˜∞).
Then T is also a GS˜∞-representation via the map GS˜∞ → GR˜∞ , and we have the natural
isomorphism M(T )⊗OE OE,S
∼=MS(T ) as e´tale (ϕ,OE,S)-modules by the definition of the
functors M(·) and T (·) and by Proposition 2.5.
3 Relative Breuil-Kisin classification
We now explain the classification of p-divisible groups over SpecR via Kisin modules, which
is proved in [Kis06] when R = OK and generalized in [Kim15] for the relative case. Denote
by E(u) the Eisenstein polynomial for the extension K over W (k)[1
p
], and let S = R0[[u]]
as above.
Definition 3.1. Denote by Kis1(S) the category of pairs (M, ϕM) where
• M is a finitely generated projective S-module;
• ϕM : M→M is a ϕ-semilinear map such that coker(1⊗ϕM) is annihilated by E(u).
The morphisms are S-module maps compatible with Frobenius.
Note that for (M, ϕM) ∈ Kis
1(S), 1 ⊗ ϕM : ϕ∗M → M is injective since M is finite
projective over S and coker(1 ⊗ ϕM) is killed by E(u). Consider the composite S ։
S/uS = R0
ϕ
→ R0.
Definition 3.2. A Kisin module of height 1 is a tuple (M, ϕM,∇M) such that
• (M, ϕM) ∈ Kis
1(S);
• Let N := M ⊗S,ϕ R0 equipped with the Frobenius ϕM ⊗ ϕR0 . Then ∇M : N →
N ⊗R0 Ω̂R0 is a topologically quasi-nilpotent integrable connection commuting with
Frobenius.
Here, ∇M being topologically quasi-nilpotent means that the induced connection on N /pN
is nilpotent. Denote by Kis1(S,∇) the category of Kisin modules of height 1 whose mor-
phisms are S-module maps compatible with Frobenius and connection.
The following theorem classifying the p-divisible groups is proved in [Kim15].
Theorem 3.3. (cf. [Kim15, Corollary 6.7 and Remark 6.9]) There exists an exact anti-
equivalence of categories
M∗ : {p-divisible groups over SpecR} → Kis1(S,∇).
Let S0 be another base ring satisfying the condition as in Section 2.1 and equipped with
a Frobenius, and let b : R0 → S0 be a ϕ-equivariant map. Then the formation of M∗
commutes with the base change R→ S := S0 ⊗W (k) OK induced OK-linearly from b.
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Note that if (M, ϕM) ∈ Kis
1(S), then (M⊗SOE , ϕM⊗ϕOE ) is a projective e´tale (ϕ,OE)-
module since 1⊗ϕM is injective and its cokernel is killed by E(u) which is a unit inOE . If GR
is a p-divisible group over R, its Tate module is given by Tp(GR) := HomR(Qp/Zp, GR×RR),
which is a finite free Zp-representation of GR. By [Kim15, Corollary 8.2], we have a natural
GR˜∞-equivariant isomorphism T
∨(M∗(GR) ⊗S OE) ∼= Tp(GR) where T∨(M∗(GR) ⊗S OE)
denotes the dual of T (M∗(GR)⊗S OE).
4 Construction of Kisin modules
Throughout this section, we assume e < p−1. We denoteSn := S/pnS for positive integers
n ≥ 1. Let T be a crystalline GR-representation which is free over Zp of rank d with Hodge-
Tate weights in [0, 1]. Let M := M∨(T ) be the associated e´tale (ϕ,OE)-module, where
M∨(T ) denotes the dual of M(T ). For each integer n ≥ 1, denote Mn =M/pnM. Note
that Mn ∼=M∨(T/pnT ). On the other hand, consider the map bL : R→ OL as in Section
2.1. T is also a crystalline GOL-representation with Hodge-Tate weights in [0, 1], so by
[BT08, Theorem 6.10], there exists a p-divisible group GOL over OL such that Tp(GOL)
∼= T
as GOL-representations. Let (MOL,∇MOL ) := M
∗(GOL) ∈ Kis
1(SOL,∇) be the associated
Kisin module over SOL. Denote MOL,n = MOL/p
nMOL. The map between the Galois
groups GOL → GR restricts to GO˜L,∞ → GR˜∞ . Hence, we have the natural isomorphism
M⊗OE OE,OL
∼= MOL ⊗SOL OE,OL of e´tale (ϕ,OE,OL)-modules. Let MOL :=M⊗OE OE,OL
and MOL,n :=MOL/p
nMOL.
For each n ≥ 1, we define
Mn :=Mn ∩MOL,n
where the intersection is taken as S-submodules ofMOL,n. The Frobenius endomorphisms
on Mn and MOL,n induce a Frobenius endomorphism on Mn. Since the Frobenius on
MOL,n is injective, we have the injective S-module morphism
1⊗ ϕ : S⊗ϕ,S Mn →Mn
for each n.
Lemma 4.1. Mn is a finitely generated Sn-module. Furthermore, we have ϕ-equivariant
isomorphisms
Mn ⊗S OE ∼=Mn
and
Mn ⊗S SOL
∼= MOL,n.
Proof. We first prove that Mn is finite over Sn. Note that MOL,n is free over SOL,n of rank
d, and choose a basis {e1, . . . , ed} of MOL,n. On the other hand, since Mn is projective
over Sn[
1
u
] of rank d, there exists a non-zero divisor g ∈ Sn such that Mn[
1
g
] is free of
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rank d over Sn[
1
u
][1
g
]. Since Mn is finite over Sn[
1
u
], we can choose a basis {f1, . . . , fd} of
Mn[
1
g
] over Sn[
1
u
][1
g
] such that letting N to be the Sn-submodule of Mn[
1
g
] generated by
f1, . . . , fd, we have Mn ⊂ N[
1
u
] as Sn[
1
u
]-modules. It suffices to show that Mn ⊂
1
uh
·N as
Sn-modules for some integer h ≥ 1. We have
(f1, . . . , fd)
t = A · (e1, . . . , ed)
t
where A is an invertible d× d matrix with entries in SOL,n[
1
u
][1
g
]. Consider the intersection
N[ 1
u
] ∩MOL,n as submodules of MOL,n[
1
u
][1
g
]. For an element x = b1f1 + · · ·+ bdfd ∈ N[
1
u
]
with b1, . . . , bd ∈ Sn[
1
u
], we have x ∈MOL,n if and only if
(b1, . . . , bd) · A = (c1, . . . , cd)
for some c1, . . . , cd ∈ SOL,n. Then (b1, . . . , bd) = A
−1(c1, . . . , cd), which implies that N[
1
u
]∩
MOL,n ⊂
1
uh
· N as Sn-modules for some integer h ≥ 1. Since Mn ⊂ N[
1
u
] ∩MOL,n, this
shows the first statement.
We have
Mn ⊗S OE ∼= Mn[
1
u
] ∼=Mn ∩MOL,n =Mn
and hence the first isomorphism. On the other hand, since S→ SOL is flat and MOL,n is
finite free over SOL,n, we have
Mn ⊗S SOL
∼= (Mn ⊗S SOL) ∩ (MOL,n ⊗S SOL) =MOL,n ∩ (MOL,n ⊗S SOL)
∼= (MOL,n ⊗Sn Sn[
1
u
]) ∩ (MOL,n ⊗Sn SOL,n)
∼= MOL,n
by Sn[
1
u
] ∩SOL,n = Sn.
Lemma 4.2. The cokernel of the S-module map 1 ⊗ ϕ : S ⊗ϕ,S Mn → Mn is killed by
E(u).
Proof. Let x ∈ Mn. There exists a unique y1 ∈ OE ⊗ϕ,OE Mn
∼= S ⊗ϕ,S Mn such that
(1⊗ϕ)(y1) = E(u)x. On the other hand, there exists a unique y2 ∈ SOL⊗ϕ,SOL MOL,n such
that (1⊗ ϕ)(y2) = E(u)x. Then we have y1 = y2 ∈ (S⊗ϕ,S Mn) ∩ (SOL ⊗ϕ,SOL MOL,n).
Since OL0/pOL0 has a finite p-basis given by t1, . . . , tm ∈ R0/pR0 which also gives a
p-basis of R0/pR0, the natural map S⊗ϕ,SMOL,n → SOL⊗ϕ,SOL MOL,n is an isomorphism.
Hence,
y1 ∈ (S⊗ϕ,S Mn) ∩ (S⊗ϕ,S MOL,n)
∼= S⊗ϕ,S (Mn ∩MOL,n) = S⊗ϕ,S Mn.
since ϕ : S→ S is flat by [Bri08, Lemma 7.1.8]. This proves the assertion.
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For any finite S-module N equipped with a ϕ-semilinear endomorphism ϕ : N → N, say
N has E(u)-height ≤ 1 if there exists a S-module map ψ : N → ϕ∗N = S ⊗ϕ,S N such
that the composite
ϕ∗N
1⊗ϕ
−→ N
ψ
→ ϕ∗N
is E(u) · Idϕ∗N. By Lemma 4.2, Mn has E(u)-height ≤ 1.
For each maximal ideal q ∈ mSpecR0, consider bq : R → Rq as in Section 2.1. By
choosing a common geometric point, we have the induced map of Galois groups GRq → GR
which ristricts to GR˜q,∞ → GR˜,∞, and T is a crystalline GRq-representation with Hodge-Tate
weights in [0, 1]. Denote Sq := R̂0,q[[u]].
Proposition 4.3. For each integer n ≥ 1, Mn is projective over Sn of rank d.
Proof. Let q be a maximal ideal of R0, and let Nn := Mn⊗SSq equipped with the induced
Frobenius endomorphism. Then we have the induced Sq-linear map ψ : Nn → Sq⊗ϕ,Sq Nn
such that the composite
Sq ⊗ϕ,Sq Nn
1⊗ϕ
−→ Nn
ψ
→ Sq ⊗ϕ,Sq Nn
is E(u) · Id. For the isomorphism R̂0,q ∼= Oq[[s1, . . . , sl]] as above, consider the projec-
tion Sq → Sq/(p, s1, . . . , sl) ∼= kq[[u]] where kq := Oq/(p). Denote Nn = Nn ⊗Sq kq[[u]]
equipped with the induced Frobenius. Then we have the induced kq[[u]]-linear map ψ :
Nn → kq[[u]]⊗ϕ,kq[[u]] Nn such that the composite
kq[[u]]⊗ϕ,kq[[u]] Nn
1⊗ϕ
−→ Nn
ψ
→ kq[[u]]⊗ϕ,kq[[u]] Nn
is ue · Id. Since kq[[u]] is a principal ideal domain, Nn is a direct sum of its free part and
u-torsion part Nn ∼= Nn,free ⊕ Nn,tor as kq[[u]]-modules. Furthermore, ϕ maps Nn,tor into
Nn,tor, and hence the above maps induce
kq[[u]]⊗ϕ,kq[[u]] Nn,tor
1⊗ϕ
−→ Nn,tor
ψ
→ kq[[u]]⊗ϕ,kq[[u]] Nn,tor
whose composite is ue · Id.
We claim that Nn,tor = 0. Suppose otherwise. Then Nn,tor ∼=
⊕b
i=1 kq[[u]]/(u
ai) for some
integers ai ≥ 1, and kq[[u]] ⊗ϕ,kq[[u]] Nn,tor ∼=
⊕b
i=1 kq[[u]]/(u
pai). By taking the appropriate
wedge product and letting a = a1+. . .+ab, the above maps induce the map of kq[[u]]-modules
kq[[u]]/(u
pa)
1⊗ϕ
−→ kq[[u]]/(u
a)
ψ
→ kq[[u]]/(u
pa)
whose composite is equal to ueb · Id. Let (1⊗ϕ)(1) = f(u) ∈ kq[[u]]/(ua), and ψ(1) = h(u) ∈
kq[[u]]/(u
pa). Then upa | uah(u), so u(p−1)a | h(u). On the other hand, f(u)h(u) = ueb in
kq[[u]]/(u
pa). This implies u(p−1)a | ueb. But e < p− 1 and a ≥ b, so we get a contradiction.
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Hence, Nn,tor = 0 and Nn is free over kq[[u]] of rank d, since by Lemma 4.1 Nn[
1
u
] ∼=
(Mn ⊗S Sq)⊗Sq kq[[u]] which is projective over kq((u)) of rank d. Let b1, . . . , bd ∈ Nn be a
lift of a basis elements of Nn. By Nakayama’s lemma, we have a surjection of Sq,n-modules
f :
d⊕
i=1
Sq,n · ei ։ Nn
given by ei 7→ bi. Since Nn[
1
u
] ∼= Mn ⊗S Sq is projective over Sq,n[
1
u
] of rank d, f is also
injective. Thus, Nn = Mn ⊗S Sq is projective over Sq,n of rank d. Since this holds for
every q ∈ mSpecR0, it proves the assertion.
Lemma 4.4. Let N and N′ be finite u-torsion free S-modules equipped with Frobenius
endomorphisms such that N[ 1
u
] and N′[ 1
u
] are torsion e´tale ϕ-modules. Suppose that N and
N′ have E(u)-height ≤ 1 and N[ 1
u
] = N′[ 1
u
] as e´tale ϕ-modules. Then N = N′.
Proof. Consider N and N′ as S-submodules of N[ 1
u
]. Let L be the cokernel of the embed-
ding N →֒ N + N′ of S-modules. Note that S ⊗ϕ,S (N + N′) ∼= S ⊗ϕ,S N + S ⊗ϕ,S N′
since ϕ : S → S is flat. Thus, N +N′ has E(u)-height ≤ 1, and L has E(u)-height ≤ 1.
Since L[ 1
u
] = 0, we deduce similarly as in the proof of Proposition 4.3 that L = 0. So
N = N+N′. Similarly, N′ = N+N′.
It is clear that both pMn+1 and Mn are u-torsion free, have E(u)-height ≤ 1 and
pMn+1[
1
u
] = pMn+1 ∼=Mn = Mn[
1
u
]. We conclude the following:
Proposition 4.5. For each n ≥ 1, we have a ϕ-equivariant isomorphism
pMn+1 ∼= Mn.
By Lemma 4.2, Proposition 4.3 and 4.5, if we define the S-module
M := lim←−
n
Mn,
then M ∈ Kis1(S). Note that we have a ϕ-equivariant isomorphism M ⊗S SOL
∼= MOL
by Lemma 4.1.
Remark 4.6. Analogous statements hold when T is a crystalline GR-representation with
Hodge-Tate weights in [0, r] for the case er < p−1, since [BT08] constructs more generally
a functor from crystalline representations with Hodge-Tate weights in [0, r] to Kisin modules
of height r when the base is a complete discrete valuation field whose residue field has a
finite p-basis.
To study connections for M, we first consider the following general situation. Let A0
be a k-algebra which is an integral domain. Consider n-variables x1, . . . , xn, and denote
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x = (x1, . . . , xn)
t and x[p] := (xp1, . . . , x
p
n)
t. An Artin-Schreier system of equations in n
variables over A0 is given by
x = Bx[p] + C (4.1)
where B = (bij)1≤i,j≤n ∈Mn×n(A0) is an n×nmatrix with entries in A0 and C = (ci)1≤i≤n ∈
Mn×1(A0). Let
A1 := A0[x1, . . . , xn]/(x1 − c1 −
n∑
i=1
b1ix
p
i , . . . , xn − cn −
n∑
i=1
bnix
p
i ),
which is the A0-algebra parametrizing the solutions of equation (4.1). A0 → A1 is e´tale by
[Vas13, Theorem 2.4.1(a)].
Lemma 4.7. There exists a non-zero element f ∈ A0 which depends only on B such that
A1[
1
f
] is finite e´tale over A0[
1
f
].
Proof. We induct on n. Suppose n = 1. If detB 6= 0, then equation (4.1) is equivalent to
xp1 = B
−1x1 − B
−1C,
so the assertion holds with f = detB. If detB = 0, then B = 0 and A1 ∼= A0, so the
assertion holds trivially.
For n ≥ 2, if detB 6= 0, then equation (4.1) is equivalent to
x[p] = B−1x− B−1C.
Hence, with f = detB, A1[
1
f
] is finite e´tale over A0[
1
f
]. Suppose detB = 0. Denote by B(i)
the i-th row of B. Then up to renumbering the index for xi’s, we have
n∑
i=1
eiB
(i) = 0
for some non-zero f1 ∈ A0 and some ei ∈ A0[
1
f1
] with en = 1. From equation (4.1), we get
xn = −
n−1∑
i=1
eixi + cn +
n−1∑
i=1
ciei.
Hence, denoting x′ = (x1, . . . , xn−1)
t, equation (4.1) is equivalent to an Artin-Schreier
system of equations in n− 1 variables over A0[
1
f1
]
x′ = B′x′[p] + C ′
where B′ ∈ M(n−1)×(n−1)(A0[
1
f1
]) and C ′ ∈ M(n−1)×1(A0[
1
f1
]). Note that B′ depends only on
B and not on C. Hence, the assertion follows by induction.
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Let N := M ⊗S,ϕ R0 equipped with the Frobenius ϕM ⊗ ϕR0 . From [Kim15, Eq.
(6.1), (6.2) and Remark 3.13], we have the R0-submodule Fil
1N ⊂ N associated with
M ∈ Kis1(S) such that pN ⊂ Fil1N , N /Fil1N is projective over R0/(p), and (1 ⊗
ϕ)(ϕ∗Fil1N ) = pN as R0-modules (cf. [Kim15, Definition 3.4 and 3.6] for the frame
(R0, pR0, R0/(p), ϕR0,
ϕR0
p
)). Fix an R0-direct factor N 1 ⊂ N which lifts Fil
1N /pN ⊂
N /pN , and let N˜ := R0 ⊗ϕ,R0 (N +
1
p
N 1) ⊂ R0[
1
p
]⊗ϕ,R0 N .
Let Spf(A, p) → Spf(R0, p) be an e´tale morphism. Note that A is equipped with a
unique Frobenius lifting that on R0, and Ω̂A ∼= A⊗ˆR0Ω̂R0
∼=
⊕m
i=1A · dti. For a connection
∇A,n : A/(p
n)⊗R0 N → (A/(p
n)⊗R0 N )⊗A Ω̂A
onA/(pn)⊗R0N , we say that the Frobenius is horizontal if the following diagram commutes:
A/(pn)⊗A N˜
ϕ∗(∇A,n)
−−−−−→ A/(pn)⊗A N˜ ⊗A Ω̂A
1⊗ϕ
y
y(1⊗ϕ)⊗idΩ̂A
A/(pn)⊗A N
∇A,n
−−−→ A/(pn)⊗A N ⊗A Ω̂A
Here, ϕ∗(∇A,n) is given by choosing an arbitrary lift of ∇A,n on A/(p
n+1) ⊗A N , and
ϕ∗(∇A,n) does not depend on the choice of such a lift (cf. [Vas13, Section 3.1.1 Equation
(9)]).
Proposition 4.8. There exists f˜ ∈ R0 with f˜ /∈ pR0 such that the following holds:
Let S0 be the p-adic completion of R0[
1
f˜
] equipped with the induced Frobenius, and let SS =
S0[[u]]. Let MS = M⊗SSS equipped with the induced Frobenius, so MS ∈ Kis
1(SS). Then
there exists a topologically quasi-nilpotent integrable connection
∇MS : (S0 ⊗ϕ,SS MS)→ (S0 ⊗ϕ,SS MS)⊗S0 Ω̂S0
such that ϕ is horizontal, and thus (MS,∇MS) ∈ Kis
1(SS,∇). Furthermore, we can choose
∇MS so that MS⊗SSSOL equipped with the induced Frobenius and connection is isomorphic
to (MOL,∇MOL ) as Kisin modules over SOL.
Proof. Without loss of generality, we may pass to a Zariski open set of Spf(R0, p) if neces-
sary so that N 1 and N /N 1 are free over R0. Fix an R0-basis of N adapted to the direct
factor N 1. Let Spf(A, p)→ Spf(R0, p) be an e´tale morphism. Consider a connection
∇A,1 : A/(p)⊗R0 N → (A/(p)⊗R0 N )⊗A Ω̂A
such that the Frobenius is horizontal. By [Vas13, Section 3.2 Basic Theorem] and its
proof, the set of such connections ∇A,1 corresponds to the set of solutions over A/(p) of an
Artin-Schreier system of equations
x = Bx[p] + C1
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for x = (x1, . . . , xdm)
t, where B ∈ Mdm×dm(R0/(p)) and C1 ∈ Mdm×1(R0/(p)). When
A = OL0 , it has a solution given by ∇ML0 . Since OL0/(p)
∼= Frac(R0/(p)) and R0/(p) is a
unique factorization domain, the solution lies in (R0/(p))[
1
f
] for some non-zero f ∈ R0/(p)
depending only on B by Lemma 4.7 and its proof. Let f˜ ∈ R0 be a lift of f , and let S0 be
the p-adic completion of R0[
1
f˜
].
For n ≥ 1, suppose we are given a connection
∇S0,n : S0/(p
n)⊗R0 N → (S0/(p
n)⊗R0 N )⊗S0 Ω̂S0
such that the Frobenius is horizontal and inducing ∇ML0 (mod p
n) via the natural map
S0 → OL0 . By [Vas13, Section 3.2 Basic Theorem] and its proof, for the choice of a basis
of N as above, the set of connections
∇S0,n+1 : S0/(p
n+1)⊗R0 N → (S0/(p
n+1)⊗R0 N )⊗S0 Ω̂S0
such that the Frobenius is horizontal and lifting ∇S0,n corresponds to the set of solutions
over S0/(p) of an Artin-Schreier system of equations
x = Bx[p] + Cn+1,
where B is the same matrix as above and Cn+1 ∈Mdm×1(S0/(p)). The solution over OL0/(p)
given by ∇ML0 lies in S0/(p) by Lemma 4.7 and its proof. This proves the assertion.
Proposition 4.9. Let S0 be a ring as given in Proposition 4.8, and let S = S0 ⊗W (k) OK .
Then there exists a p-divisible group GS over S such that Tp(GS) ∼= T as GS-representations.
Proof. Let GS be the p-divisible group over S given by (MS,∇MS) in Proposition 4.8. Since
MS ⊗SS SOL
∼= MOL as Kisin modules, we have Tp(GS)
∼= T as GOL-representations. On
the other hand, MS ⊗SS OE,S
∼= M⊗OE OE,S as e´tale ϕ-modules. Hence, Tp(GS)
∼= T as
GS˜,∞-representations. Since GS˜,∞ and GOL generate the Galois group GS by Lemma 2.1, we
have Tp(GS) ∼= T as GS-representations.
5 Proof of the main theorem
In this section, we finish the proof of Theorem 1.2. We begin by recalling the following
well-known lemma about p-divisible groups.
Lemma 5.1. Let R1 be an integral domain over W (k) such that Frac(R1) has character-
istic 0. Then via the Tate module functor Tp(·), the category of p-divisible groups over
R1[
1
p
] is equivalent to the category of finite free Zp-representations of GR1 = π
e´t
1 (SpecR1[
1
p
]).
Furthermore, such an equivalence is functorial in the following sense:
Let R1 → R2 be a map of integral domains over W (k) such that Frac(R1) and Frac(R2)
have characteristic 0. Let GR1 be a p-divisible group over R1. Then Tp(GR1)
∼= Tp(GR1×R1
R2) as GR2-representations.
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We first consider the case when R is a formal power series ring of dimension 2. Let T
be a crystalline GR-representation which is finite free over Zp and has Hodge-Tate weights
in [0, 1].
Proposition 5.2. Suppose R0 = O[[s]] for a Cohen ring O, and e ≤ p − 1. Then there
exists a p-divisible group GR over R such that Tp(GR) ∼= T as GR-representations.
Proof. Let G be a p-divisible group over R[1
p
] given by Lemma 5.1 such that Tp(G) ∼= T as
GR-representations. It suffices to show that G extends to a p-divisible group GR over R.
By [BT08, Theorem 6.10], there exists a p-divisible group GOL over OL extending
G×R[ 1
p
]L. For each integer n ≥ 1, let An be the Hopf algebra over R[
1
s
][1
p
] for the finite flat
group scheme (G×R[ 1
p
] R[
1
s
][1
p
])[pn], and let Bn be the Hopf algebra over OL for the finite
flat group scheme GOL [p
n]. Identify An ⊗R[ 1
s
][ 1
p
] L = Bn ⊗OL L as Hopf algebras over L.
Note that the p-adic completion of R[1
s
] is isomorphic to OL. By [BL95, Main Theorem]
and its proof, the R[1
s
]-subalgebra Cn := An ∩ Bn ⊂ Bn ⊗OL L is finite flat over R[
1
s
].
Moreover, Cn is equipped with the Hopf algebra structure induced from (An, Bn) such that
Cn⊗R[ 1
s
]R[
1
s
][1
p
] ∼= An and Cn⊗R[ 1
s
]OL
∼= Bn. Hence, the datum of finite flat group schemes
((G ×R[ 1
p
] R[
1
s
][1
p
])[pn], GOL[p
n]) descends to a finite flat group scheme over R[1
s
] (up to a
unique isomorphism by [BL95, Main Theorem]).
Thus, we obtain a system of finite flat group schemes (GU,n)n≥1 over U := SpecR \ pt
extending (G[pn])n≥1. Here, pt denotes the closed point given by the maximal ideal of R.
The natural induced sequence of finite flat group schemes
0→ GU,1 → GU,n+1
×p
−→ GU,n → 0
is exact by fpqc descent. So (GU,n)n≥1 is a p-divisible group over U extending G. Since
e ≤ p− 1, GU extends to a p-divisible group GR over R by [VZ10, Theorem 3].
Now, let R0 be a general ring satisfying the assumptions in Section 2.1, and let R =
R0 ⊗W (k) OK with e < p − 1. Let T be a crystalline GR-representation free over Zp with
Hodge-Tate weights in [0, 1]. Denote by MS(T ) the S-module in Kis
1(S) constructed
from T as in Section 4. Let f˜ ∈ R0 be an element as in Proposition 4.8, and let S0 be
the p-adic completion of R0[
1
f˜
] as in Proposition 4.9. Let f ∈ R0/pR0 be the image of f˜
in the projection R0 → R0/(p). We only need to consider the case when f is not a unit in
R0/(p). Since R0/(p) is a UFD, there exist prime elements s¯1, . . . , s¯l of R0/(p) dividing f .
Let s1, . . . , sl ∈ R0 be any preimages of s¯1, . . . , s¯l respectively.
For each i = 1, . . . , l, consider the prime ideal pi = (p, si) ⊂ R0 and let R
(i)
0 := R̂0,pi be
the pi-adic completion of R0,pi . Note that R
(i)
0 is a formal power series ring over a Cohen
ring with Krull dimension 2. We consider the natural ϕ-equivariant map bi : R0 → R
(i)
0 ,
which induces bi : R → R(i) := R
(i)
0 ⊗W (k) OK . On the other hand, let kc be a field
extension of Frac(R0/pR0) which is a composite of the fields Frac(R
(i)
0 /(p)) for i = 1, . . . , l,
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and let kperfc = lim−→ϕ kc be its direct perfection. By the universal property of p-adic Witt
vectors, there exists a unique ϕ-equivariant map bc : R0 → W (kperfc ). Moreover, for each
i = 1, . . . , l, we have a unique ϕ-equivariant embedding R
(i)
0 → W (k
perf
c ) whose composite
with bi is equal to bc. Note that the natural embedding R0 → S0 ∩
⋂l
i=1R
(i)
0 as subrings of
W (kperfc ) is bijective, since S0/(p) ∩
⋂l
i=1(R
(i)
0 /(p)) = R0/(p) inside k
perf
c .
By Proposition 5.2, there exists a p-divisible group Gi over R
(i) such that Tp(Gi) ∼= T
as GR(i)-representations. We have
(MS(T )⊗S OE)⊗OE OE,R(i)
∼= M∗(Gi)⊗S
R(i)
OE,R(i)
as e´tale (ϕ,OE,R(i))-modules. Applying Lemma 4.4, we can deduce that MS(T )⊗SSR(i) ∼=
M∗(Gi) compatibly with Frobenius.
Let D = Dcris(T [
1
p
]), and denote M = MS(T ) and N = M ⊗S,ϕ R0. Let ∇ : D →
D ⊗R0 Ω̂R0 be the connection given by the functor Dcris(·).
Proposition 5.3. There exists a natural ϕ-equivariant embedding
h : N →֒ D
of R0-modules. Furthermore, if we consider N as an R0-submodule of D via h, then ∇
maps N into N ⊗R0 Ω̂R0. Hence, M is a Kisin module of height 1.
Proof. By [Kim15, Corollary 5.3 and 6.7], there exists a natural ϕ-equivariant embedding
hi : N → D ⊗R0,bi R
(i)
0
for each i = 1, . . . , l such that the connections given by M∗(Gi) and D are compatible, and
there exists a natural ϕ-equivariant embedding hc : N → D ⊗R0,bc W (k
perf
c ). Moreover,
by Proposition 4.9, there exists a natural ϕ-equivariant embedding hS : N → D ⊗R0 S0
such that the connections given by M∗(GS) and D are compatible. Since the construction
of those natural maps is compatible with ϕ-equivariant base changes (cf. [Kim15, Section
5.5]), we deduce that the maps h1, . . . , hl and hS are compatible with one another, in the
sense that their composites with the embedding into D ⊗R0,bc W (k
perf
c ) are all equal to hc.
Hence, we obtain a ϕ-equivariant embedding
h : N →֒ (D ⊗R0[ 1p ] S0[
1
p
]) ∩ (
l⋂
i=1
D ⊗R0[ 1p ],bi R
(i)
0 [
1
p
]) ∼= D ⊗R0[ 1p ] (S0[
1
p
] ∩
l⋂
i=1
R
(i)
0 [
1
p
]) = D,
since D is flat over R0[
1
p
] and S0[
1
p
] ∩
⋂l
i=1R
(i)
0 [
1
p
] = R0[
1
p
].
Now, identify Ω̂R0 =
⊕m
j=1R0 · dtj . Then ∇ maps N to N ⊗R0 (
⊕m
j=1R0[
1
p
] · dtj). On
the other hand, by Proposition 4.8, Proposition 5.2, and the compatibility of Dcris(·) with
respect to ϕ-compatible base changes, we have that ∇ maps N into N ⊗R0 (
⊕m
j=1 S0 · dtj)
and also into N ⊗R0 (
⊕m
j=1R
(i)
0 · dtj) for each i = 1, . . . , l. Since N is flat over R0 and
S0 ∩
⋂l
i=1R
(i)
0 = R0, ∇ maps N into N ⊗R0 (
⊕m
j=1R0 · dtj).
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Theorem 5.4. There exists a p-divisible group GR over R such that Tp(GR) ∼= T as GR-
representations.
Proof. By Proposition 5.3, we have M ∈ Kis1(ϕ,∇). Furthermore, M ⊗S SOL
∼= MOL as
Kisin modules over SOL, since the Frobenius and connection structure on M agree with
those on D. Thus, if GR is the p-divisible group corresponding to M, then Tp(GR) ∼= T
as GOL-representations as well as GR˜∞-representations. The assertion follows from Lemma
2.1.
6 Barsotti-Tate deformation ring
As an application of Theorem 5.4, we study the geometry of the locus of crystalline repre-
sentations with Hodge-Tate weights in [0, 1] by using the results in [Moo18]. Denote by C
the category of topological local Zp-algebras A satisfying the following conditions:
• the natural map Zp → A/mA is surjective, where mA denotes the maximal ideal of
A;
• the map from A to the projective limit of its discrete artinian quotients is a topological
isomorphism.
By the first condition, the residue field of A is Fp. The second condition is equivalent to
that A is complete and its topology is given by a collection of open ideals a ⊂ A for which
A/a is aritinian. Morphisms in C are continuous Zp-algebra morphisms.
For A ∈ C, we mean by an A-representation of GR a finite free A-module equipped with
a continuous A-linear GR-action. Fix an Fp-representation V0 of GR which is absolutely
irreducible. For A ∈ C, a deformation of V0 in A is defined to be an isomorphism class
of A-representations of V of GR satisfying V ⊗A Fp ∼= V0 as Fp[GR]-modules. Denote by
Def(V0, A) the set of such deformations. A morphism f : A → A′ in C induces a map
f∗ : Def(V0, A) → Def(V0, A′) sending the class of an A-representation V to the class of
V ⊗A,f A′. The following theorem on universal deformation ring is proved in [SL97].
Theorem 6.1. (cf. [SL97, Theorem 2.3]) There exists a universal deformation ring Auniv ∈
C and a deformation Vuniv ∈ Def(V0, Auniv) such that for all A ∈ C, we have a bijection
HomC(Auniv, A)
∼=
→ Def(V0, A) (6.1)
given by f 7→ f∗(Vuniv).
We deduce that when R has dimension 2 and e is small, the locus of crystalline repre-
sentations with Hodge-Tate weights in [0, 1] cuts out a closed subscheme of SpecAuniv in
the following sense.
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Theorem 6.2. Suppose that e < p− 1 and that the Krull dimension of R is 2. Then there
exists a closed ideal aBT ⊂ Auniv such that the following holds:
For any finite flat Zp-algebra A equipped with the p-adic topology and any continuous
Zp-algebra map f : Auniv → A, the induced representation Vuniv ⊗Auniv,f A[
1
p
] of GR is
crystalline with Hodge-Tate weights in [0, 1] if and only if f factors through the quotient
Auniv/aBT.
Proof. This follows directly from Theorem 5.4 and [Moo18, Theorem 5.7].
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